A relatively simple model for the dynamics of fast ignitors is presented. The model describes the processes taking place when a precompressed fuel is heated by a particle beam ͑ions or electrons͒ characterized by its range R, and the focal spot and intensity of the beam. As a result, the ignition conditions are calculated in terms of such parameters and of the fuel density. The model provides scaling laws for the ignition energy and for the beam intensity in which the dependence on the particles range is included. Besides, it gives a simple interpretation of reported simulations and explains the apparent discrepancies between them and previous analytic estimations. The importance of using particles with Rр0.3 g/cm 2 turns out to be from the dependence of the ignition energy and the target gain on the range.
I. INTRODUCTION
The economical feasibility of inertial confinement fusion ͑ICF͒ energy may depend on the possibility of finding new schemes requiring a relatively low driver energy for achieving ignition and high gain. Clearly, any alternative to the central ignition concept currently considered 1 has to appear today as highly speculative. However, the present confidence of the scientific community in the success of the National Ignition Facility 1 for demonstrating the scientific feasibility of the inertial fusion during the next decade may indicate that the time for proposing unconventional approaches is coming. Probably for such a reason, the fast ignition concept recently advanced by Tabak et al. 2 has attracted the attention of many researchers. Generally speaking, fast ignition consists of the formation of a hot spot by means of an electron beam that directly heats the deuterium-tritium ͑DT͒ fuel previously compressed during an ablative implosion. This method has the potential capability to yield higher-energy gain with lesser driver energy than the central ignition.
Following the proposal by Tabak et al., 2 several numerical investigations have been reported that deal mainly with the physics of the hole boring in the corona of the ablatively imploded fuel. 3, 4 Besides, Deutsch et al. 5 have addressed the important issue of the interaction physics of a relativistic electron beam ͑REB͒ with the precompressed fuel. As a result, they find that, for a REB with particle energy below 1.5 MeV impinging on a fuel target at 5 keV, the effective range is less than 0.3 g/cm 2 . On the other hand, a couple of two-dimensional ͑2-D͒ simulation studies have treated the ignition process when it is triggered by an ion beam of range Rϭ0.6 g/cm 2 , which impinges on a DT fuel mass of density 0 . 6, 7 Such studies have examined a 15 GeV Bi ion beam instead of a REB as in the Tabak et al. 2 proposal, but, since the only beam parameters relevant to the ignition physics are the particle range R, and the beam focal spot r 0 and intensity S 0 , their results are of great interest for understanding the fast ignition dynamics. These results show that for Rϭ0.6 g/cm 2 the minimum beam energy required for ignition is much larger ͑a factor of 5͒ than that estimated in Ref. 2 have been used for calculating the ignition energy͒. Atzeni proposes somewhat more severe conditions that would result from an isochoric configuration: Tϭ12 keV, Hϭ0.5 g/cm 2 . 7, 8 Nevertheless, the observed discrepancy cannot be completely explained with such ignition parameters. Thus, 2-D effects are invoked, 7 although a physical discussion about the nature of these effects is not attempted. Besides, as those simulations are restricted to Rϭ0.6 g/cm 2 , no insight of the scaling of the beam energy and intensity with the range R can be extracted. This scaling can be of importance to the light of the recent results obtained by Deutsch et al., 5 and in order to set the adequate energy of the particles used to trigger the ignition.
Scaling laws, as well as a physical picture of the fast ignition dynamics, can be assessed more suitably by means of analytic models. In this paper we present a simple model for the description of the processes occurring when a precompressed DT fuel is driven to ignition by direct heating with a beam of particles. We find that in the regime of interest in which the beam energy required for ignition is a minimum, the fuel heating proceeds subsonically. So, the density in the hot spot region decreases, new mass is incorporated by ablation and a shock wave is launched into the cold fuel. Therefore, at the ignition time, the mass within the hot spot turns out to be larger than the mass directly heated by the beam. Besides, the hot spot temperature and density are determined by the beam intensity S 0 and the particle range R, for a given density 0 of the precompressed fuel. For the lowest intensities, the hot spot temperature is low, but its mass becomes considerably larger than the mass m 0 directly heated by the beam. Thus, ignition requires a relatively high 9, 10 which includes a density jump ␦ϭ / 0 between the hot spot of density and the surrounding cold fuel of density 0 . We see that the energy gain depends on the particle range R through the ignition parameters of the hot spot, namely, T, H, and . For Rϭ1 g/cm 2 it becomes a factor 2 lower than the estimated in Ref. 2 but, for Rϭ0.2-0.3 g/cm 2 , there is a good agreement.
II. THE IGNITION MODEL
We consider a mass of DT fuel that has been previously compressed to a high-density 0 and it is driven to ignition conditions by using a beam of charged particles ͑REB or ions͒ characterized by its focal spot radius r 0 and intensity S 0 , and by the particle range R. For simplicity, we assume r 0 ϭR/ 0 , as in the simulations of Refs. 6, 7. We will also assume that the heating proceeds subsonically, and we will see that, in this regime, a minimum beam energy is required for reaching ignition. Then, the beam heats directly a cylindrical volume of radius r 0 and mass m 0 ϭr 0 3 0 , and the mass surrounding this volume is heated by thermal conduction. The thermal conduction drives an ablative wave, which is preceded by a shock wave launched into the cold fuel. The volume enclosed by the ablative wave contains the mass m 0 directly heated by the beam and the new mass incorporated by the ablation process that occurs in a tamped regime. 11, 12 This volume defines the hot spot and it has a mean density р 0 and a temperature T. The ablation surface expands with a velocity v equal to the fluid velocity behind the shock wave, which is assumed to be a strong shock:
where p a is the ablation pressure and it is, in general, somewhat larger than the mean pressure pϭ 2 3 ⑀ ͑⑀ ϭ3kT/A DT m p is the specific internal energy, k is the Boltzmann constant, A DT ϭ2.5 is the fuel mass number, and m p is the proton mass͒. 11 We will take p a ϭap with aϷ1.2, and thus Eq. ͑1͒ reads as
.
͑2͒
On the other hand, during the heating process, the hot spot loses energy by bremsstrahlung emission at the volumetric rate:
and fusion reactions occur that generate alpha particles at the volumetric rate:
where ͗v͘ is the Maxwellian average reactivity for DT, and we will adopt here the expression given in Ref. 13 . The alpha particle's energy is considered to be deposited within the hot spot, contributing in this way to the heating process.
14 In order to reach ignition, the power W ␣ deposited into the fuel by the alpha particles at the end of the power pulse has to be able to sustain the fuel temperature. For simplicity, we assume as in Ref. 14 that the alpha particle energy deposition rises to a relatively high value just close to the end of the beam pulse in order to ensure the transition from heating supported externally to the self-sustained alpha heating. Then, at the ignition time we require
where W 0 is the beam power pulse and the integration extends over the total hot spot volume V hs . Besides, ignition will occur if the volumetric rate W ␣ of heating energy deposited by the alpha particles compensates, at least, for the energy loss from the hot spot:
14,15
where p"-v represents the energy lost by expansion and q T is the thermal conduction flux:
͑if the Coulomb logarithm is ln ⌳ϭ5͒.
Since the hot spot is composed by the mass m 0 directly heated by the beam and by the mass incorporated by ablation, we perform an approximate integration of Eq. ͑6͒ separately for the mass m 0 and for the rest of the mass of the hot spot, respectively. Then, for the mass m 0 we assume that energy loss by expansion take place mainly through the free surface r 0 2 and that it can be neglected in the other directions, where it is tamped by the ablated mass. 11 Therefore, integration of Eq. ͑6͒ over the mass m 0 yields
where we have assumed that the free surface expansion occurs to the sound speed ⑀ 1/2
. Besides, taking into account that at ignition the alpha particles must sustain a uniform hot spot temperature, we have neglected the losses by thermal conduction from the mass m 0 toward the rest of the hot spot mass. Equation ͑8͒ gives a necessary condition for ignition, and it is satisfied, for a given particle range R, for a sufficiently high temperature. For instance, for Rϭ0.6 g/cm 2 it turns out to be Tу5 keV.
In the same way, we obtain another necessary condition by integrating over the rest of the mass of the hot spot,
where mϭr 3 is the total hot spot mass, r is the radius of the cylindrical region containing the hot spot, and we have assumed that its length is zϭr. This is a reasonable assumption for the case we are studying in which z 0 ϭR/ 0 ϭr 0 , and taking into account that, in the present situation of tamped ablation, the expansion velocity of the mass originally heated by the beam is much less than the ablation front velocity v.
11 Therefore, since the volume increase of the hot spot is dominated by the ablation front expansion we have zϪz 0 ϷrϪr 0 , and then it turns out that zϷr(z 0 ϭr 0 ).
In writing Eq. ͑9͒ we have assumed, for simplicity, that the whole surface surrounding the hot spot expands with the same velocity v. Actually, a part of this surface, which is of the order of (r 2 Ϫr 0 2 ), faces the vacuum region and should be expected to expand with a velocity of the order of ⑀ 1/2 . However, it can be checked a posteriori that the simpler expression used on the right-hand side of Eq. ͑9͒ gives a good account for the total energy lost by expansion.
In order to close the problem we need another relationship connecting the expansion velocity v with the fluid density behind the ablation front. As is well known, the propagation of a heat wave is governed by a self-regulating mechanism for the characteristic length of the temperature gradient l T ϭ⑀/ٌ͉ ជ ⑀͉.
12 Such a length must be of the order of the dimensions of the heated region:
III. MODEL RESULTS

A. The minimum ignition energy and hot spot parameters
The previous set of equations allows for the calculation of the beam energy, of the parameters of the hot spot and of the ablation front velocity at ignition, in terms of the beam power W 0 , its focal spot radius r 0 , the particle range R, and the fuel density 0 . In particular, the total power required for ignition can be obtained by adding Eqs. ͑8͒ and ͑9͒ and introducing the result into Eq. ͑5͒:
For the following calculations it is convenient to introduce the parameter x 3 ϭm/m 0 . Thus, we can write the ICF parameter of the hot spot Hϭ r in terms of x:
where we have used Eq. ͑2͒. Inserting this expression into Eq. ͑10͒, we find the velocity v of expansion of the ablation front:
͑13͒
On the other hand, by introducing Eqs. ͑10͒ and ͑13͒ into Eq. ͑9͒ we obtain an implicit expression for the hot spot temperature in terms of the parameter x ͑for a given range R͒:
In a similar way, we get the beam intensity S 0 ϭW 0 /r 0 2 in terms of the parameter x from Eq. ͑11͒:
where
and v is given in terms of x and ⑀ by means of Eq. ͑13͒. Note that Eqs. ͑15͒ and ͑16͒ determine the ratio S 0 / 0 instead of the beam intensity S 0 and the density 0 separately. Then, we introduce the following characteristic velocity:
and we will solve for the hot spot parameters in terms of v 0 through the parameter x such as it is given by Eq. ͑14͒. In particular, we find the hot spot energy as follows:
In Fig. 1 we have represented the product E 0 0 2 as a function of v 0 for different values of the range R. We can see that, for a given range, there exists a particular value of the ratio S 0 / 0 for which the beam energy is a minimum. For the case Rϭ0.6 g/cm 2 the following results:
S 0m ͑ W/cm 2 ͒Ϸ2.5ϫ10
These values are in good agreement with the simulation results of Refs. 6 and 7. As can be seen in Fig. 1 , the energy required for ignition increases considerably for intensities lower than that given by Eq. ͑20͒. This is because the fuel heating proceeds relatively slowly, allowing for a long ablation time before ignition. Thus, although ignition occurs to the lowest temperature ͑Fig. 2͒, a relatively large amount of mass is incorporated by ablation ͑Fig. 3͒. Nevertheless, the hot spot temperature is always above the value imposed by Eq. ͑8͒, which is then satisfied automatically. This is shown in Fig. 2 for Rϭ0.6 g/cm 2 , where the hot spot temperature T(Tу5 keV) and the density have been represented.
For the highest intensities S 0 уS 0m , the ignition energy increases again. In this case, the hot spot density is closer to Figure 1 also shows that the minimum beam energy increases as the range does. However, because of the dependence on the range R of the hot spot mass ͓Eq. ͑14͔͒, the scaling of the ignition energy is weaker than that expected by assuming a hot spot ICF parameter H proportional to R. 2 This is clearly seen in Fig. 4 , where the minimum ignition energy and the beam intensity S 0m have been represented as a function of the particle range R. From this figure, we can infer the following approximate scaling laws:
where R is in g/cm 2 and 0 in g/cm 3 . In the same way, we find the scaling laws for the hot spot parameters:
T͑keV͒Ϸ8.54R Ϫ0.35 , ͑23͒ .
͑25͒
So far, we have obtained the minimum energy of the particle beam needed to drive to ignition a precompressed fuel. But, in order to calculate the total energy spent for ignition, we have to compute the energy E D of the driver used to compress the fuel to a density 0 . Since the hot spot is heated subsonically, the mass of fuel m F compressed by implosion must be, in general, larger than the hot spot mass mϭm 0 x 3 . In fact, ignition has to occur before the inward rarefaction wave generated in the external surface of the fuel ͑of radius r e ͒ arrives at the ablation surface. This rarefaction arises when the outward strong shock preceding the ablation front reaches rϭr e . Thus, the time t i available for ignition is
where t s is the transit time of the shock wave from r 0 to r e : Here, cϭ(5p/12 0 ) 1/2 is the sound speed behind the shock and it is the velocity of propagation of the rarefaction in the shocked matter of density s ϭ4 0 . From Eq. ͑2͒ we get c Ϸ0.91v, and from Eqs. ͑26͒-͑28͒ we obtain, approximately, r e Ϸr. Thus, the ratios between the minimum fuel mass m F and the hot spot mass become
and the minimum energy E D min is
where ⑀ c ϭ(3␣/2a) 0 2/3 is the cold fuel temperature, ␣ is the isentrope parameter that denotes the deviation of the cold fuel from complete degeneracy, aϭ4.35ϫ10
/ erg, and D is the total efficiency with which the driver couples to the fuel. In order to obtain the minimum total energy required for ignition, the driver energy E D min must be added to the trigger energy E i ϭE 0 min / i , where i is the efficiency with which the trigger couples to the fuel. For an ion beam i ϭ1, and for a REB generated by a femtosecond laser i Ͻ1, and it depends on the laser absorption and on the efficiency with which the hot electrons are transported from the subcritical corona to the fuel. 2 For the particular case of Rϭ0.6 g/cm 2 , ␣ϭ2, D ϭ0.1, and 0 ϭ300 g/cm 3 , we get E D min /E 0 min Ϸ1. Of course, this fraction can be reduced by increasing the trigger intensity in such a way as to produce a supersonic heating of the hot spot. But, as we have previously mentioned, it would lead to an increase in the trigger energy, with the consequence of increasing the total energy required for ignition. For a shorter range, however, this fraction decreases as well as the value of E 0 min and then, relatively short ranges R of the order of 0.2-0.3 g/cm 2 should be preferred. 2 Nevertheless, it is worth noticing that if the range is reduced below 0.2 g/cm 2 the heating becomes supersonic and the present model is no longer valid. Thus, the problem of setting the possible existence of a minimum range requires the study of such a regime, and this is beyond the scope of this paper.
B. Target gain
As we have shown, the ignition conditions are determined by the hot spot heating dynamics and they depend on the range R of the particles used for triggering the ignition. Since the target energy gain depends on the particular values of the hot spot temperature and of the ICF parameter, it may be worth analyzing the effect of the range on the limiting gain. For this purpose, we use a modified version of the isochoric model, which allows for a density jump ␦ϭ / 0 between a hot spot with density and the surrounding cold fuel with density 0 .
10 After some straightforward calculations similar to those of Refs. 9 and 10, we get the following expression for the limiting gain:
͑31͒
where E T ϭE D ϩE i is the total energy of the drivers used for compressing the fuel (E D ) and for triggering the ignition (E i ), H B ϭ7 g/cm 2 and
The hot spot parameters ␦ϭ / 0 , H and T ͑or ⑀͒ are functions of the range R given by Eqs. ͑23͒-͑25͒. Besides, is the total efficiency with which both drivers couple to the fuel:
͑33͒
From the previous calculation of the limiting gain, 9,10 we also obtain that E T Ϸ4E 0 min and then, the following relationship among , D , and i is found:
From this equation we can see that the real value of i has a weak effect on the total efficiency for a given driver efficiency D . For instance, if we take D ϭ0.1 and 0.1р i р1, the total efficiency turns out to be 0.10рр0.13. We have represented Eq. ͑31͒ in Fig. 5 ͒. As can be seen, the limiting gain decreases with the range and, for R ϭ1 g/cm 2 , it becomes about a factor 2 lower than the gain considered in Ref. 2 . We can obtain the following approximate scaling law, which includes the dependence of the limiting gain on the range R: 
GϷ1.3ϫ10
valid for Rу0.2 g/cm 2 . In the previous equation E T is in MJ and R is in g/cm 2 . Once again, the advantage of using relatively short ranges can be perceived.
IV. CONCLUSIONS
We have developed a novel analytical model for the ignition of a precompressed DT fuel, which is heated by means of a beam of charged particles characterized by its range R and for the beam focal spot radius r 0 . We have shown that the ignition conditions are determined by the dynamics of the heating process and that it depends on the particle range R. In the regime in which minimum beam energy is required for triggering the ignition, the hot spot heating proceeds subsonically and, in general, its mass becomes larger than the mass directly heated by the beam. This fact leads to scaling laws for the minimum ignition energy and beam intensity in terms of the range R and allows for a a simple interpretation of the simulation results of Refs. 6 and 7. Besides, the discrepancy observed between those simulations and the calculations by Tabak et al.
2 is seen to be caused by the larger range used in the simulations. In fact, by taking a more realistic particle range Rϭ0. 3 ). In this case, the ignition energy increases considerably and the target gain is approximately a factor 2 lower than that considered in Ref. 2 . These results show the convenience of keeping the particle range below 0.3 or 0.4 g/cm 2 in order to ensure a higher-energy gain than that achievable with the central ignition scheme with the same energy.
It may be worth noticing that since our model is based on integral conservation properties, we can expect that the present results obtained for the situations in which r 0 ϭR/ 0 , will not be very sensitive to the detailed shape of the hot spot at ignition. On the other hand, it should be clear that the scaling laws given by Eqs. ͑21͒-͑25͒ will change if different values of the range R are considered for a fixed focal spot r 0 .
In conclusion, the present model seems to give an adequate physical picture of the processes involved in the hot spot heating that lead to the fuel ignition. As occurs with central ignition, static models are not suitable for the calculation of realistic ignition conditions.
